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Abstract 

We study the instability of standing waves for nonlinear Schrodinger 
equations. Under a general assumption on nonlinearity, we prove that 
linear instability implies orbital instability in any dimension. For that 
purpose, we establish a Strichartz type estimate for the propagator 
generated by the linearized operator around standing wave. 

1 Introduction 

In this paper we study the instability of standing waves for nonlinear Schrodingi 
equations 

id t u+ Au + g(\u\ 2 )u = 0, (t, x) E R x R N , (1) 

where u is a complex- valued function of (t, x), and g is a real- valued function. 
A typical example of nonlinearity is g(\u\ 2 )u = \u\ p u with 1 < p < 2* — 1, 
where 2* = 2N/(N-2) if N > 3 and 2* = oo if JV = 1, 2. Precise assumptions 
on the nonlinearity will be made later. By a standing wave we mean a solution 
of (JU) of the form u(t, x) = e iu)t (p(x), where to E R and <p E H 1 ^) \ {0} is 
a solution of the stationary problem 

- Aip + u(f- g{\if\ 2 )if = 0, xER N . (2) 

For the special case g(\u\ 2 )u = \u\ p ~ l u with 1 < p < 2* — 1, the following 
results are well-known. For each u > 0, the stationary problem (J2J) has a 
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unique positive radial solution in H 1 (WL N ) (see [221 E] for existence, and 
for uniqueness). We call it ground state. When N > 2, other than the 
ground state, there exist infinitely many solutions of ([2D in H\R N ). We call 
them excited states. For the ground state ip of PD with uj > 0, the standing 
wave e l0Jt (p is orbitally stable if 1 < p < 1 + 4/iV, while it is orbitally unstable 
ifl + 4/iV<p<2* — 1 (see [U HI El])- For more general nonlinearity, Shatah 
and Strauss [2D] gave a general condition for orbital instability of ground 
state-standing waves for ([1]) constructing suitable Lyapunov functional (see 
also pT] and [HI EH EEl [29] ) . We remark that these results are mostly limited 
to ground states and are not applicable to excited states. Here, we recall the 
definition of orbital stability and instability of standing waves. 

Definition 1. We say that the standing wave e lu)t ip is orbitally stable if for 
any e > there exists 5 > such that if u G if 1 (R Ar ) and \\u — <p\\ H i < 5, 
then the solution u(t) of ([T]) with u(0) = u exists globally and satisfies 

inf \\ u (t)-e id V {- + y)\\ H i <e 

for all t > 0. Otherwise, e^tp is called orbitally unstable or nonlinearly 
unstable. 

While, e^cp is said to be linearly unstable if the linearized operator A = 
JH around the standing wave has an eigenvalue with positive real part (for 
the definition of J and H, see ([3]) and (J7|) below). The linear instability of 
standing waves for (PQ) was studied by Jones [20] and Grillakis [151 EE] ( see a ls° 
[IH1ES1EZ1)- In particular, for the case g(\u\ 2 )u = \u\ p ~ l u with 1+4/iV < p < 
2* — 1, it is proved in [JJ)] that for any radially symmetric, real- valued solution 
V of ([2]) with u > 0, e*^V is linearly unstable. The result in [15] guarantees 
that among radially symmetric solutions, one can find oscillating solutions 
(i.e. solutions changing the sign) and these solutions shall generate excited 
states e wt ip. On the other hand, Mizumachi [23, EZ] considered complex- 
valued solutions of (|2D in M. 2 of the form <p m (x) = e vme (j)(r), where m is a 
positive integer, and r, 9 are the polar coordinates in M 2 (see [191 E3] for 
existence of <p m ). It is proved that if p > 3 then for any m, e lujt <p m is linearly 
unstable ([22]), and that if 1 < p < 3 then for sufficiently large m, e luJt tp m is 
linearly unstable ([2"T]). 

However, it is a highly nontrivial problem whether linear instability im- 
plies orbital instability for ([!)), especially in higher dimensional case (see 
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PHI El ESI EI])- Even in two dimensional case, some technical difficulties 
arise from the estimates of nonlinear terms (see Lemma 13 of [B]). For the 
case N < 3, a satisfactory answer for this problem was given by Colin, 
Colin and Ohta [TJ. The main idea in [7] is to employ time derivative in the 
estimates of nonlinear terms without using space derivatives directly, and 
to apply the if 2 -regularity of if ^solutions for ([T]). However, the proof of 
[7J is based on the L 2 -estimate on the propagator e tA generated by the lin- 
earized operator A, and the restriction N < 3 comes from the embedding 
H 2 (R N ) L°°(R N ). 

The main goal of this work is to show that linear instability implies or- 
bital instability for ([T]) in any dimension N > 1 (see Theorem [2] below). In 
particular, for the case g(\u\ 2 )u = \u\ p ^ 1 u with 1 + 4/N < p < 2* — 1, it 
follows from the linear instability result of [15] and our Theorem [2] that for 
any radially symmetric, real-valued solution if of ([2]) with u> > 0, e iwt (p is 
orbitally unstable in any dimension. 

Our approach is based on appropriate Strichartz type estimate for the 
propagator e tA and gives the possibilities for further generalization. We have 
chosen the model of the nonlinear Schrodinger equation ([1]) for simplicity, but 
even in this case one needs to apply spectral mapping result c(e A ) = 
discussed in the work of Gesztesy, Jones, Latushkin and Stanislavova [12]. If 
one considers complex- valued solutions of ([2]), then the assertion 

linear instability ==>• orbital instability 

depends on the possible generalization of the property u(e A ) = for the 
linearized operator A around complex- valued excited states. Since our goal is 
to give general argument working for complex-valued excited states as well, 
we have to make suitable generalization of the result in [12] (see Section H]). 

Here, we give an outline of the paper more precisely. In what follows, 
we often identify zeC with t (^R,z, $sz) £ R 2 , and write z = t (^R,z, Qz). We 
define f(z) = — g(\z\ 2 )z for z £ M 2 . Then, ([T]) is rewritten as 



d t u = J(-A« + /(«)), J 



1 ' 




' 3to " 




, u = 




.-10 





(3) 



We assume that / £ C^M 2 , M 2 ), and denote the derivative of / at z £ M 2 by 
Df(z), which is a 2 x 2- real symmetric matrix and is given by 



Df(z) = - 



2g'(\z\ 2 )($tz) 2 + g(\z\ 2 ) 2g'(\z\ 2 )$tz%z 

2g'(\z\ 2 )^z 2g'(\z\ 2 )(%z) 2 + g(\z\ 2 ) 



(4) 
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For nonlinearity, we assume the following. 

(HI) g is a real-valued continuous function on [0, oo), and f(z) = —g{\z\ 2 )z 
is decomposed as / = f x + f 2 with G C X (R 2 ,R 2 ), £(0) = 0, £>/_,- (0) = O, 
j = 1,2, and there exist constants C and 1 < < 2* — 1 such that 

(5) 

for all Zi, z 2 Gl 2 . 

Remark that the typical example f(z) = —\z\ p ~ x z satisfies (HI) for 1 < 
p < 2* — 1 (see Lemma 2.4 of [13]). Moreover, the Cauchy problem for (pQ) is 
locally well-posed in F^R^) (see [21] and j3[ Chapter 4]). 

For a solution of (|2"1), we assume the following. 

(H2) u > is a constant and ^ G F^R^) is a complex-valued nontrivial 
solution of (J2j). 

For the existence of solutions of (j2J), see, e.g., [21 [191 E21 E2]. By the 
elliptic regularity theory, we see that <p G H 2 (M N ) nC 2 (M. N ) and <p(x) decays 
to exponentially as \x\ — > oo. Remark that we consider not only real- valued 
solutions of ([2]) but also complex- valued solutions, and that by (j3J, Df(ip) 
is a diagonal matrix if (p is real-valued, but not in general. 

By a change of variables u(t) = e luJt (ip + v (t)) in (PQ) or ([3]), we have 

9^ = + (6) 
where v = ^Uv, $Sv), A = JH, h(v) = J[f((p + v) - f(<p) - Df((p)v], and 



H = H + Df(p), H 



-A + u 
-A + u 



(7) 



For the linearized operator A = JH, we assume the following. 

(H3) The operator A has an eigenvalue A such that 9ftA > 0. 

As stated above, sufficient conditions for (H3) are studied by [151 EE HH 
[201 [251 EZj. See also [5J El El E5] for spectral properties of A. We now state 
the main result of this paper. 

Theorem 2. Assume (H1)-(H3). Then, the standing wave e tujt ip of (pQ) is 
orbitally unstable. 
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The rest of the paper is organized as follows. In Section [21 assuming 
that the propagator e tA satisfies an exponential growth condition we 
introduce a suitable norm (Tl2|) and establish a Strichartz type estimate for 
e tA . In Section [3J we prove Theorem [2j In the proof, we apply the Strichartz 
type estimate for e tA proved in Section [2j and we employ time derivative 
instead of space derivatives in the estimates of nonlinear terms as in [7J. 
Finally, in Section [H we give some remarks on the spectral mapping theorem 
for e A due to Gesztesy, Jones, Latushkin and Stanislavova [12]. 



2 Strichartz estimates 

Let Vjk £ L°°(R N , R) for j, k — 1, 2, and we consider linear operators 
A = A + V, A = JH , V -- 



V21 V22 



on L 2 (R N ) x L 2 (R N ) with domains D(A ) = D(A) = H 2 (R N ) x H 2 (R N ), 
where J and Hq are defined in ([3]) and (JJJ. Let e tAo and e tA be the strongly 
continuous groups on L 2 (M. N ) x L 2 (M N ) generated by A and A respectively, 
and we define 



To [/](*) 



^ A °f(s)ds, T[f](t) 



^- s)A f{s)ds. 



Moreover, we denote U := L r {R N ) x L r (R N ) and L^F := L q ({0,T),Y) for 
a Banach space Y. Note that u(t) = e tA tp + T[f](t) satisfies 



d t u = Au + f(t) = A u + Vu + f(t), u(0) = ip, 
and u (t) = e tA °ip + T [f](t) satisfies 

d t u = A u + fit) = Au + fit) - Vu , u (0) = 
We assume that there exist positive constants C and v such that 



< Ce 



vt 



for all t > 0. For A > 0, we define functions e^" and e A by e A (t) 
tel. Moreover, we define 



L ,,A y :- e 



,ATi 



(9) 
(10) 

(11) 
; ±A * for 

(12) 
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Note that ||/|| x|y < 11/II^.Ay < \\f\\ L «» Y for < A < fi and T > 0. The 
Holder conjugate of q is denoted by q'. For the definition of admissible pairs 
and the standard Strichartz estimates for e** A , see, e.g., [3j Section 2.3]. 

Lemma 3. Assume V E L°°(R Ar ) and ffTTl) . Let < v < /x and /e£ (g, r) 

fee any admissible pair. Then, there exists a constant C independent ofip, f 
and T such that u(t) = e tA ip + T[f](t) satisfies 

||n(t)|| L2 <c( e ^||^|| L2 +e^||e;/|| 4LI ,) 

for alltE [0,T]. 

Proof. Let u (t) = e tA °tp + r„ [/](*). Then, by © and (HDD, we have 

<9 t (n - n ) = - Mo) + Vu , (u - n )(0) = 0, 
so u — uo = T [ Vtio] • By the assumption (fTTI) , we have 

||u(*)-Uo(*)IU»< / He^^Vno^lU^s 
Jo 

<C\\V\\ Loo [ e^\\u (s) \\ L 2ds 
Jo 

for all t E [0,T]. Here, by the standard Strichartz estimate for e ltA , we have 

K(f)||L> < C(IMIz» + II/II^k) < C(IMIz» + ^lle^/H^) 
for all t E [0,T]. Thus, 

IK*)||l" < lko(i)ll^ + \\u(t) - u (t)\\ L 2 

< \\u (t)\\ L2 + C fe^im^ds + Ce^ [ eW a \\e-f\\ L , Lr ,ds 
Jo Jo T 

<C(e^||^|| L2 + e ^|| e ;/|| L ^ r ,) 

for all t E [0, T]. This completes the proof. □ 

Proposition 4. Assume V E ^(R^) and (JTTJ) . Let < A < v < fi, and 

let (gi,ri) and (02,^2) fee any admissible pairs. Then, there exists a constant 
C independent of ip, f and T such that u(t) = e tA ip + r[/](i) satisfies 
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Proof. We put v(t) = e xt u{t). Then, by (jUJ), we have 

d t v = A v + (V-X)v + e- xt f(t), v(0) = tfj. 
By the standard Strichartz estimate for e ttA , we have 

ll e A uWigisi = IMIl^l'-i < C(\\^j\\ L 2 + \\{V- X)v\\ l i tL 2 + IK/H^^) 



Here, by Lemma EH we have 



T 



\\(V -\)v\\ l , tL .<(\\V\\ l ~ + \)\\v\\ l , tL .<C / e- xt \\u(t)\\ L2 dt 

Jo 

<C f {e^- x H^\W + e^\\e-f\\ , ,}dt 

JO T 

^c^-^ll^ll^ + e^lle;/!!^,}. 

Moreover, since ||e^/|| ^ r , < e^ _A ^ T ||e~/|| q < 2 r , , we obtain the desired 

Lrp L 2 Lrp L 2 

estimate. □ 



3 Proof of Theorem [2 



In this section we assume (H1)-(H3), and prove Theorem [2] For j = 1, 2, we 
put 

hj(v) = J[fj(<fi + v)- fj(<f) - Dfj((p)v], Tj = pj + 1, 

and let (qj,Tj) be the corresponding admissible pair. Note that h(v) = 
h(v) + h 2 (v) in ®. 

Lemma 5. There exist X* G C and \ e ^(M^C) 2 suc/i ffca* 9£A* > 0, 
A% = A*x awcZ IIxIIl 2 = 1- Moreover, e tA satisfies (11 II) /or some u with 
9£A* < v < (1 + a)KA*, w/jere 

a := min{l, ri — 2, r 2 — 2}. (13) 

Proof. Since Df(<p) decays exponentially at infinity, Weyl's essential spec- 
trum theorem implies that a ess (A) C {z G C : §lz = 0}. Moreover, the 
number of eigenvalues of A = JH in {z G C : > 0} is finite (see, e.g., 
Theorem 5.8 of [IB])- Therefore, by (H3), there exists an eigenvalue A* of 
A such that 9ftA* = maxjjfc : z G o~(A)} > 0. Further, by the spectral 
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mapping theorem due to Gesztesy, Jones, Latushkin and Stanislavova 
we have &(e A ) = e a ( A \ Here we need some modification of [12] when cp is 
not real- valued. We shall discuss it in Section HI Then, the spectral radius 
of e A is e . Finally, by Lemma 3 of [3T| . we see that e tA satisfies (iTTj) for 
some v with KA* < v < (1 + a)3£A*. □ 

Lemma 6. There exists a constant C such that 



\\hj{v)\\ L 2 + \\hj{v)\\ LTl , < C (\\v\\ H 2 + \\v\\% 2 ) 

/or a// v G H 2 (M. N ). 
Proof. Since 



^(v) = 

it follows from (151) that 



J / {Df j ( ( p + 9v)-Df j ( ( p)}vde, 
Jo 



Haa 1 if 2 < r,- < 3, 

!lbll2T 3 + NIh^NIjj* if r i > 3 > 



which implies the desired estimate. □ 
In what follows, let A and fi be numbers satisfying 

< A < KA* < v < At < (1 + a)X, (14) 

and we define 

'MUt = \\ v \\ L ^ x m + \\ 9 tv\\ L n,* Ln + \\d t v\\ L<12 ,x Lr2 . 



Lemma 7. Let v(t) be an H 2 -solution of ([6]) in [0, oo). Then, there exists 
a constant C independent of v and T such that 



\\v\\x T < C [\\v\\ L ^x L2 + \\d t v\\ L ~,x L2 + ||M r «i.A iri + \\d t v\\ L ^x Lr2 

+ c (\\v\\ 2 Xt + H-; 1 + MX 1 ) ■ 

Proof. By Lemma El we have 

<C(\\v(t)\\ L l + \\d t v(t) \\L* + \\h(v(t))\\ L z) 

< C(Mt)\\* + \\dMt)\\ L2 + \\v(t)\\l 2 + Mt)^ 1 + \\v(t)\\^) 
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for all t G [0,T]. Thus, 



< C(\\v\\ L ^,x L2 + \\d t v\\ L ^ L2/ 



+ c(||T,||^ fla + |H|-i fla + ||t,||5;i fla ) ) 

which implies the desired estimate. □ 
Lemma 8. There exists a constant independent of v and T such that 

\M*)\\ T t* T r>. < c (ii* t + n*; 1 ) • 

L/rp Ll 3 \ / 

Proof. By Lemma [61 we have 

for all t G [0, T]. Moreover, by ffT3]) and (1141) . we have 

^ T ||e;^)|| 4 ^ r , < Ce* XT \\e^v\\ 2 L¥H2 + Ce^-^\\e^v\^ 

<c{\\vf XT + \nx l ), 

which implies the desired estimate. □ 
Lemma 9. There exists a constant C independent of v and T such that 

ll^)||^., v , < C (\\v\\ 2 Xt + MX 1 ) ■ 

Proof. Since d t hj(v(t)) = J{Dfj( V + v(t)) - Dfj(ip)}d t v(t), it follows from 
© that 

WdMvm^ < C(\\v(t)\\ H2 + \\v(t)\\ r ^ 2 )\\d t v(t)\\L^. 
Thus we have 

e^U^M*))^. <Ce^-^\\e- x v\\ L¥H 2 ■ e- At ||c^(t)||^ 

+ Ce^ x -^elv\\ r lf H2 • e- A 1^(t)|| L ^ 
for all t G [0, T]. Moreover, by (fT3l) . pljl and the Holder inequality, 

<Ce 2AT || e^v || L oc H 2 1| e^d t v \\ + Ce^- 1)XT \\e x v\\ r i ¥ l 2 \\e x d t v\\ L ^ ^ 



This completes the proof. □ 



Proof of Theorem^ We use the argument in [T8] Section 6] (see also [T| I5T] ) . 
Suppose that the standing wave e tuJt ip of (PQ) is orbitally stable. For small 5 > 
0, let u s (t) be the solution of ([IJ with u s (0) = (p+5^x, where x G H 2 (R N , C) 2 
is the eigenfunction of A corresponding to the eigenvalue A* given in Lemma 
[H Note that Ax = A*x- Since either G" kerA or G" ker A, we may 
assume that G" ker A. Since we assume that e tuJt ip is orbitally stable in 
i7 1 (M Ar ), the if ^solution ^(t) of ([TJ) exists globally for sufficiently small 
5 > 0. Moreover, since </?, x G iJ 2 (IR Ar ), by the if 2 -regularity for (JT|) , we see 
that u s G C([0,oo),i/ 2 (M 7V ))nC ,1 ([0,oo),L 2 (M JV )) and 5^ G L^L^DL^U 2 
for all T > (see [2TJ[33] and also [31 Section 5.2]). By the change of variables 

u 6 (t) = e i " t (<p + v s (t)), (15) 

we see that v$ has the same regularity as that of ug, and satisfies 

d t v 5 (t) = Av s (t) + h(v s (t)), v s (0) = 5$ X , 

v s (t) = 5M(e x * t x)+r[h(v s )}(t), (16) 
d t v 5 (t) = 6^(X*e XH X ) + e tA h(5^ X ) + T[d t h(v s )}(t) (17) 

for all t > 0. Let £q > be a small positive number to be determined later, 
let k = 1 if 3A* = 0, and k = exp(27r9fcA*/|5A*|) if 3A* ^ 0, and define T s 
by 

log ^ < $t\*T 5 < log % 3A*T 5 G 2ttZ. (18) 
ko o 

for small 5 > 0. First, we prove that there exist constants C\ and Eq inde- 
pendent of 5 such that 

hs\\x Te < c i £ o ( 19 ) 
for small 5. For T G (0, T5], by ffTB"]) . Proposition H] and Lemma [3 

\\v s \\ L ~,x L i < \\6e+x\\ L ^ L i +C{\\hi{v)\\ L ^ Lr[ + IM^H^,^) 
< ^ T || X || L2 + C(\\v s \\ 2 Xt + \\vsWX 1 + MIX 1 )- 
Moreover, by fllTj) . Proposition H] and Lemma [HI 

||3tUi|| £ »,A Ii a + H^all^.A^ + ||^ 5 || l ^ 2 ,a li . 2 

< C (<5e RA * T || X ||„ 2 + e» T \\h(5M X )h* + N|& T + IMIS; 1 + IMI^ 1 ) ■ 
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Here, by Lemma [HI and by ffTSl) and (|14p . 

< C{5e® x * T ) 1+a . 



Therefore, by Lemma [7] and fjlSp . 

IKI|x T < C (e + el +a + \\v 5 \\ 2 Xt + H^ll^ 1 + IKH3" 1 ) (20) 

for all T G (0,7,]. Since hmsup T ^ +0 ||v<j||x T < and ||ui||jf T * s continuous 
in T, by (|20|) we see that there exist constants Ci and £o independent of 
5 such that (JIHD holds for small 5. Next, by (EE]), ([IS]), Proposition H and 
Lemma El 

K(T 5 ) - ^(e A * T ^)|| L2 < CifthMW ^ + 11^(^)11^,^) 

T * T s 

< c(\\v s \\ 2 Xts + ii^iij- 1 + hie- 1 ) < (21) 

Let (^x)" 1 be the projection of 5?% onto the orthogonal complement of 
span{i<£>, V(p} in L 2 {R N , M.) 2 . Note that we identify itp = (0,(p) and if = 
(<f, 0). Since span{z<£>, Vy?} C ker A and 3?x ^ ker A, we see that (JRx)~ L 7^ 0. 
By (TISD and d2U), we have 

| Mr,), (%) ± ) L2 - Se^mx) 1 ^ 

= \(vg(Tg) - 6M(e x * T *x), (ttx^M < Cep*\\(Stx)- L \\&, 
and we can take a small Eo such that 



Finally, we put 



MTgl^h^^mx^Wh- (22) 



Q s = inf Ju 5 (T 5 )-e m V (- + y)\\ L 2. 



Then, by (USD, 0, = inf (6 , iy ) eKxM jv \\vg(Tg) + (p-e i6 (p(-+y)\\ L 2, and there exists 
(9 S , ys) eRxR N such that Q 5 = \\v s (Tg) + <p - e i6s ip(- + y&)\\ L 2. Moreover, 
since 6,5 < 11^(^)11^2 < C\Eq, we have \\(p — e l9s (p(- + ys)\\ip < ZCi^o- Thus, 
\(9 s ,ys)\ = O(e ) and 

e l6s (p{- + y s ) -ip = iOgip + y s -Vip + o(e Q ), 
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which together with f[2"2"j) implies that 

MT a ) + ^-e%(- + ^),(%) ± ) L2 

= (v s (T s ), (Six) 1 -)!? - (i9 S ip + y s ■ Vip, - o(e ) 

>ffll(^ 
for some small £o- Therefore, 

inf v |Mr,)-eV-+l/)ll^>©*>SlK R X)" L ll^ 
for all 5 small. This contradiction proves that e iult ip is orbitally unstable. □ 



4 Remark on spectral mapping theorem 



In this section, we assume that Vjk G C(I 
constants e and C such that 



}N 



\V jk (x)\ <Ce~ 2 ^ 



I) and there exist positive 



(23) 



for all x G M. N and j, k = 1,2. We consider the linear operator A = Aq + V 
defined by (jSJ). Then we have the following. 



Proposition 10. For each N > 1 one has o~(e J 



MA) 



In [T2|, Proposition [TU] is proved for the case Vu = V 2 2 = 0. We modify 
the proof of Theorem 1 of [12J to prove Proposition [10] for general case. As 
we have stated in Section [U this generalization is needed to treat the case 
where a solution <p of ([2]) is not real-valued. 

Proof of Proposition [TU For £ = a + zr with a, r G M \ {0}, we denote 



L(0 = 

Then, we have — £ 2 ^ o~(D 2 ) and 



£ —D 
D £ 



-A + w. 



D[e + D 2 ]- 1 

zie+D 2 ]-i 



We also have £, — A = L(£) — V = £(£)[-/" — 1 V]. Here we decompose 
V = WB by 

W = e e|a V, 5 = e- £|x| J. 
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By (12"3"|) . all entries of W and B are exponentially decaying continuous func- 
tions. Moreover, each entry of BL(^)~ l W has a form 

P 1 (x)tie + D 2 ]- 1 Q 1 (x) + P 2 (x)D[e + D 2 ]- l Q 2 {x), 

where P 1 , P 2 , Q\ and Q 2 are real- valued continuous functions decaying ex- 
ponentially. Therefore, by Lemma 6 of [12] , we see that — > 
as |r| — > oo. Then the rest of the proof of Proposition [TU1 is the same as in 
the proof of Theorem 1 of [12] . □ 
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